Introduction
Throughout this paper, we assume that R = K[x 1 , ..., x n ] is the polynomial ring in n variables over a field K with the maximal ideal m = (x 1 , ..., x n ), I a monomial ideal of R and G(I) the unique minimal monomial generators set of I. It is customary to denote by Ass(I) the set of associated prime ideals of R/I. Brodmann [4] showed that there exists an integer k 0 such that Ass(I k ) = Ass(I k 0 ) for all k ≥ k 0 . The smallest such integer k 0 is called the index of Ass-stability of I, and denoted by astab(I). Moreover, Ass(I k 0 ) is called the stable set of associated prime ideals of I. It is denoted by Ass ∞ (I). Brodmann [5] also showed that there exists an integer k 0 such that depth R/I k = depth R/I k 0 for all k ≥ k 0 . The smallest such integer k 0 is called the index of depth stability of I and denoted by dstab(I). This stable depth is called the limit depth of I, and is denoted by lim k→∞ depth R/I k . Moreover, he proved that lim
where ℓ(I) is the analytic spread of I, that is, the dimension of R(I)/mR(I). Here R(I) = ⊕ k≥0 I k t k is the Rees ring of I. Eisenbud and Huneke [11] showed that the equality ( †) holds, if the associated graded ring gr I (R) is Cohen-Macaulay.
Herzog and Mafi [18] proved that if n = 3 then, for any graded ideal I of R, astab(I) = dstab(I). Also, they showed that for n = 4 the indices astab(I) and dstab(I) are unrelated. Herzog, Rauf and Vladoiu [20] showed that for every polymatroidal ideal of Veronese type astab(I) = dstab(I) and for every transversal polymatroidal ideal astab(I) = 1 = dstab(I). Herzog and Qureshi [19] proved that if I is a polymatroidal ideal of R, then astab(I), dstab(I) < ℓ(I) and they conjectured that astab(I) = dstab(I) for all polymatroidal ideal I. In this paper we study this conjecture. More precisely, our main results of this paper are as follows:
Theorem 0.1. Let one of the following cases holds:
(i) I is a matroidal ideal and n ≤ 5.
(ii) I is a polymatroidal ideal, n = 4 and m / ∈ Ass ∞ (I). (iii) I is a polymatroidal ideal of degree 2.
(iv) I satisfying in the strong exchange property.
Then astab(I) = dstab(I).
In addition, we give a counterexample to the conjecture of Herzog and Qureshi. For any unexplained notion or terminology, we refer the reader to [13] , [26] , [23] and [6] . Several explicit examples were performed with help of the computer algebra systems CoCoA [1] and Macaulay2 [8] , as well as with the program in [3] which allows one to compute Ass ∞ (I) of a monomial ideal I.
Preliminary
In this section, we collect notations, terminology and basic results used in this paper.
Let, as before, K be a field and R = K[x 1 , ..., x n ] be the polynomial ring in n variables over K with each deg x i = 1 and m = (x 1 , ..., x n ) the unique homogenous maximal ideal of R. For a monomial ideal I of R and G(I) = {u 1 , ..., u t }, we set supp(I) = ∪ a 1 1 ...x an n , a i = 0} and we set gcd(I) = gcd(u 1 , ..., u m ). The linear relation graph Γ I associated to a monomial ideal is the graph whose vertex set V (Γ I ) is a subset of {x 1 , ..., x n } and for which {x i , x j } ∈ E(Γ I ) if and only if there exist u k , u l ∈ G(I) such that x i u k = x j u l (see [19, Definition 3.1] ). We say that the monomial ideal I is full-supported if supp(I) = {x 1 , ..., x n }.
A monomial ideal I is called a polymatroidal ideal, if it is generated in a single degree with the exchange property that for any two elements u, v ∈ G(I) such that deg
The polymatroidal ideal I is called matroidal if I is generated by square-free monomials. For a polymatroidal ideal I one can compute the analytic spread as ℓ(I) = r − s + 1, where r = |V (Γ I )| and s is the number of connected components of Γ I (see [19, Lemma 4.2] ).
The product of polymatroidal ideals is again polymatroidal (see [10, Theorem 5.3] ). In particular each power of a polymatroidal ideal is polymatroidal. Also, I is a polymatroidal ideal if and only if (I : u) is a polymatroidal ideal for all monomial u (see [2, Theorem 1.1] ). According to [19] and [20] , every polymatroidal ideal satisfying the persistence property and non-increasing depth functions, that is, if I is a polymatroidal ideal then, for all k, there is the following sequences:
In addition, every polymatroidal ideal is a normal ideal (see [20, Theorem 3.4] ) and consequently the Rees ring R(I) and also the associated graded ring gr I (R) is Cohen-Macaulay (see [26, Theorem 7.2.35] ). In particular, the equality ( †) holds.
Herzog and Vladoiu [22] proved the following interesting results about matroidal ideals. From Theorem 1.1 (iii) one can conclude that for all full-supported matroidal ideal with gcd(I) = 1 if dstab(I) = 1, then astab(I) = 1.
Herzog and Qureshi [19] proved that if I is a polymatroidal ideal of R, then astab(I), dstab(I) < ℓ(I) and it is well know that height(I) ≤ ℓ(I). One can ask whether astab(I), dstab(I) ≤ height(I) for all polymatroidal ideals. We give two examples to show that this does not hold.
Example 1.2. Let n = 3 and consider the polymatroid ideal
Then height(I) = 1 but astab(I) = dstab(I) = 2.
Example 1.3. Let n = 4 and consider the Veronese type ideal
. Then gcd(I) = 1 and height(I) = 2 but astab(I) = dstab(I) = 3.
The results
We start this section by the following lemma. Lemma 2.1. Let I ⊂ R be a full-supported polymatroidal ideal of degree 2. Assume that y 1 and y 2 are variables in R such that u = y 1 y 2 ∈ G(I) and y / ∈ supp(u).
Proof. Since I is full-supported, there exists an integer 1
. This complete the proof.
In the following we recall the definition of linear quotients from [15] . The following example says that the Chiang-Hsieh's theorem for polymatroidal ideals is not true .
Definition 2.2. We say that a monomial ideal I ⊂ R has linear quotients if there is an ordering u 1 , ..., u t of the monomials belonging to G(I) with
0 < deg u 1 ≤ deg u 2 ≤ ... ≤ deg u t such that, for each 2 ≤ j ≤ t, the colon ideal (u 1 , ..., u j−1 ) : u j is
Example 2.3. Let n = 3 and consider the polymatroidal ideal
Proof. Since I has linear quotients, there is an ordering u 1 , ..., u t of the monomials belonging to G(I) such that, for each 2 ≤ j ≤ t, the colon ideal (u 1 , ..., u j−1 ) : u j is generated by a subset of {x 1 , ..., x n }. It is enough to show that
In the sequel we recall the following definition and remark from [25] . 
Remark 2.6. Let I, J be a monomial ideals of R.
Corollary 2.7. Let n = 3, I ⊂ R be a monomial ideal and m / ∈ Ass ∞ (I). Then astab(I) = dstab(I) = 1.
Proof. By Remark 2.6(e) and by using [18, Remark 1.1], for all t ≥ 1, we have 
) and so Ass(I t ) = Ass(I t+1 ) = · · · . Therefore astab(I) ≤ t and so by Proposition 2.8 the result follows. If m ∈ Ass(I), then by using the same proof as above we have the result.
The following example says that the condition m / ∈ Ass ∞ (I) or m ∈ Ass(I) in Proposition 2.9 is essential. Let I ⊆ R be a monomial ideal. In the case that
denote by an abuse of notation the ideal G(I)S again by I. Observe that by using this notion it follows that Ass R (I) = Ass S (I) and so astab R (I) = astab S (I). Also, it is well known that dstab R (I) = dstab S (I). Thus, for computing astab(I) and dstab(I) we can always assume that I is full-supported.
Lemma 2.11. Let I, J be polymatroidal ideals such that gcd(J) = 1. If α is a monomial element of R such that I = αJ, then astab(I) = astab(J) and dstab(I) = dstab(J).
Proof. Since I t ∼ = J t for all t ≥ 1, it follows that pd(I t ) = pd(J t ) and so by the Auslander-Buchsbaum formula depth(R/I t ) = depth(R/J t ) for all t ≥ 1. Thus dstab(I) = dstab(J). By using [24, Theorem 1.3], for all t ≥ 1, Ass(α) ∪ Ass(J t ) ⊆ Ass(I t ) and it is clear Ass(I t ) ⊆ Ass(α) ∪ Ass(J t ) for all t ≥ 1. Therefore, for all t ≥ 1, Ass(I t ) = Ass(α) ∪ Ass(J t ) and so astab(I) = astab(J), as required.
Theorem 2.12. Let I ⊂ R be a polymatroidal ideal in degree 2. Then astab(I) = dstab(I). In particular, if I is a matroidal ideal in degree 2, then astab(I) = dstab(I).
Proof. We can assume that I is a full-supported polymatroidal ideal in degree 2 and gcd(I) = 1. Now, we consider two cases. We recall the following definition from [2] (or see [16] ).
Definition 2.14. Let I be a monomial ideal. We say that I satisfies the strong exchange property if I is generated in a single degree, and for all u, v ∈ G(I) and for all i, j with deg
Note that if n = 3, then every polymatroidal ideal I with gcd(I) = 1, satisfying the strong exchange property (see [2, Propsition 2.7] ).
One of the most distinguished polymatroidal ideals is the ideal of Veronese type. Consider the fixed positive integers d and 1 ≤ a 1 ≤ ... ≤ a n ≤ d. The ideal of Veronese type of R indexed by d and (a 1 , . .., a n ) is the ideal I (d;a 1 ,. ..,an) which is generated by those monomials u = x
Proposition 2.15. Let I ⊂ R be a polymatroidal ideal satisfying the strong exchange property. Then astab(I) = dstab(I).
Proof. By Lemma 2.11, we can assume that gcd(I) = 1 and I is full-supported. Therefore by using [17 Proof. For n = 2, 3, a matroidal ideal I satisfies in the strong exchange property and so I is a square-free Veronese ideal and the result follows in this case. Now, let n ≥ 4. Then depth R/I = n−2 and so pd(R/I) = 2. Therefore height(I) = pd(R/I) and so I is a Cohen-Macaulay ideal. By using [14, 4 ) and this is a contradiction. Thus from all of the above cases we have astab(I) = dstab(I), as required. The following example is a generalization of Example 2.21.
Example 2.22. Let n ≥ 4 and I
Then I is a polymatroidal ideal with dstab(I) = 1 and astab(I) = n − 2. [x 1 , ..., x i , ..., x 5 ] .  If (x 1 , ..., x i , . ., x 5 ) / ∈ Ass ∞ (I), then by Corollary 2.13, astab(I[i]) = 1 and this is a contradiction with Lemma 2.23. Therefore (x 1 , ..., x i , . ., x 5 ) ∈ Ass ∞ (I) and so by [19 (x 1 , ..., x i , . ., x 5 ) ∈ Ass ∞ (I), by Corollary 2. 
